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THE PAULI-LUBANSKI VECTOR, COMPLEX ELECTRODYNAMICS, 

AND PHOTON HELICITY 

SERGEY 1. KRYUCHKOV, NATHAN A. LANFEAR, AND SERGEI K. SUSLOV 

Dedicated to Margarita A. Man’ko and Vladimir I. Man’ko on the occasion of their 75 + 75 = 150 birthday 

for their great contributions to science and pedagogy. 


Abstract. We critically analyze the concept of photon helicity and its connection with the Pauli- 
Lubahski vector from the viewpoint of the complex electromagnetic field, E + iH, sometimes at¬ 
tributed to Riemann but studied by Weber, Silberstein and Minkowski. To this end, a complex 
covariant form of Maxwell’s equations is used. 


1. Introduction 

All physically interesting unitary ray representations of the proper orthochronous inhomogeneous 
Lorentz group (known nowadays as the Poincare group) were classihed by Wigner [63] and, since 
then, this approach has been utilized for the mathematical description of mass and spin of an 
elementary particle. By dehnition, the Pauli-Lubahski pseudo-vector is given by 

= 0 , ( 1 . 1 ) 

where is the relativistic linear momentum operator and are the corresponding angular 

momentum operators. The mass and spin of a particle are dehned in terms of two quadratic 
invariants (Casimir operators of the Poincare group) as follows 

= PpP^ = = —m?s (s -b 1), m > 0 (1.2) 

(see, for example, [2], [3], |T3], [30], [36], [37|, [38], [33], [H], [19], [50] and the references therein; 

we use the standard notations that are introduced in the body of the article). 

For the massless helds, when m = 0, one gets nP' = p^ = pw = 0, and the Pauli-Lubahski vector 
should be proportional to p : 

Wf, = (1.3) 

(acting on the corresponding eigenstates [15], [19]). The number A is called the helicity of the 
representation and the value s = |A| is sometimes called the spin of a particle with zero mass [13], 
[19], [50]. One of the goals of this article is to show that, in the case of the electromagnetic held, 
the constant A in the latter equation is hxed, otherwise violating the classical Maxwell equations. 

As a result, instead of being given by the constant of proportionality in relation fll.Op . the helicity 

of the photon should be dehned, as it is traditionally done in particle physics, by A = k ■ M//co, 
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where k = (fco)k) and M is the photon angular momentum = /cq — = 0). But one needs a 

proper realization of the action of these operators on the photon held tensor in covariant form |40j . 
mi; or, in SD-form, on the complex electromagnetic held vector F = E + iH discussed in |1], [5], 
[9], [I2], [S], [32], 1^, [IH], |5l], [53], [M], [55], [H]- The sign of the constant A = ±1 is hxed then 
by a “continuity”, in view of the invariance of the upper(lower) light cone under a proper Lorentz 
transformation (see, for example, [13], [30], and [58]). 


2. Maxwell’s Equations in Complex and Covariant Forms 


We would like to introduce two complex vector helds 

F = E + iH, G = D + zB (2.1) 

(E is the electric held, D the electric displacement held, H the magnetic held, and B the magnetic 
induction held) and present the phenomenological Maxwell equations in a compact form. 


):(^ + 4xj|=curlF. 


J = J 


( 2 . 2 ) 


divG = 47rp, p = p*, (2.3) 

where the asterisk stands for complex conjugation. (We are working in Gaussian units; complex¬ 
valued p and j may be related to the free magnetic charge and current, which have not been observed 
yet in nature m.m) 

With the help of the complex helds F = E -|- iH and G = D -|- zB, we introduce the following 
anti-symmetric 4-tensor, 


(2.4) 




/ 

0 

-Gi 

-G2 

-Gs 




Gi 

0 

iFs 

-iF2 



^2 

-iFs 

0 

iFi 



V 

Gs 

iF2 

-^F^ 

0 

use the standard 4-vector notation. 

x^ 


= {ct, 

r) and 

= 

(cp,j) 


and current, respectively. 

Maxwell’s equations then take the covariant form izg, mi: 

a 


dx' 


:Q^^ = 


dx 




with summation over two repeated indices. Indeed, in a block form. 


dQ 




dx'' 


A. 

dx’' 


0 




G ie F 


— div G = —Airp 
= I laG^, _ 47r. 

c dt c 


(2.5) 


( 2 . 6 ) 


which verihes this fact. 

The continuity equation, 

or, in the 3Zl-form, 


0 = 


d^Q 


( 11 / 


dx'^dx'' 

dp 
dt 


47r dj^ 
c dx^^' 

+ div j = 0, 


(2.7) 

(2.8) 


describes conservation of the electrical charge. 
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3. Dual Complex Field Tensors 


Two dual anti-symmetric field tensors of the complex fields, F = E 
given by 


= 


/ 0 


-Cl 

0 


-G2 

iFs 


-Gs \ 
-iF2 



G 2 

-iF3 

0 

iFi 









V 

G 3 

iF2 

-zFi 

0 

/ 
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0 
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-H 2 

Hi 
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\ 
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E 2 
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0 
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iH and G = D + zB , are 


(3,1) 


and 


p = 

flV 
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(3.2) 


S 3 

B 2 
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0 
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-h i 


( 


\ 


0 

-Bi 

-H 2 

-Hs 


Hi 

0 

-S 3 
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The real part of the latter represents the standard electromagnetic held tensor in a medium [1], 
US], lET]. As for the imaginary part of fl3.ip . which, ironically, Pauli called an “artihciality” in view 
of its non-standard behavior under spatial inversion |16], the use of complex conjugation restores 
this important symmetry for our complex held tensors. 


In the complex case under consideration, the dual tensor identities are given by 


■'fii/crr 


= 2iP, 






Here, e 


— _g 




and eoi 23 = -l-l is the Levi-Civita symbol 


Then 


6i 


.dQ 


in' 




dP: 


\cr 


+ 


dP, 


uX 


+ 


dP 

yj ± rr 


dx’^ V 

and both pairs of Maxwell’s equations can also be presented in the form 

Am 




dx^ ^x^^ 


dx'' 


~^puXcrJ 


in addition to the one given above. 


dQ 




47! -a 
= - 3^ 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


dx'^ c 

[The real part of the hrst equation traditionally represents the hrst (homogeneous) pair of Maxwell’s 
equations and the real part of the second one gives the second pair. In our approach both pairs 
of Maxwell’s equations appear together; see also a, an, lEi, Ea, and [55] for the case in vac¬ 
uum. Moreover, a generalization to complex-valued 4-current may naturally represent free magnetic 
charge and magnetic current not yet observed in nature 
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Another important property is a cofactor matrix identity, 


= (F • G) 5 ; = - 5 ;, 


which was originally established, in a general form, by Minkowski 
are given by 


(3.7) 

Once again, the dual tensors 


P = 

flP 


0 F, 
~Fp i&pqrGr 




0 


-a 


Gp ICpqyFr 


(3.8) 


in block form. The covariant held energy-momentum tensor in a medium and the corresponding 
differential balance equation, 

d 


dx'' 


IGtt 


(3.9) 


1 


dQ^ 


32n 


dxf^ 


+ Pa 


dQ^ 


^x^^ 


j-E/c 

-pE - j X B/c 


are derived in terms of these tensors in ^7\. (In the rest of the article, we will be dealing with 
the case of vacuum only, when G = F, but it’s convenient to use both vectors in our calculations 
anyway in order to emphasize where they are coming from.) 


4. Transformation Laws and Generators 


Under the Lorentz transformation [13], [l0|, |l2], |48] . 

U (A) {xP) := Qp'' {A^pXp) = {xP ), (4.1) 

where the summation is assumed over any two repeated indice£|. We shall use the following six 
4x4 matrices (a, /3 = 0,1, 2, 3 are hxed): 

A (0^f) = exp m“'’) , m”' = (4.2) 

- gl^^S; 


for the corresponding one-parameter subgroups of the proper Lorentz group na. m with the 
standard metric, = gp^ =diag(l, —1, —1, —1), in the Minkowski space-time. The 4-angular 
momentum operators, 

- x^d^, (4.3) 

can be derived as follows 


M'^^QP'^ := 


d 


dO, 


ajS 


Q'-- (Ap«„s)x'') 


9al3=0 


= + Qp^ (m“^) 


(4.4) 


^Although Minkowski considered the transformation of electric and magnetic fields in a complex 3D vector form, 
see Eqs. (8)-(9) and (15) in [40] (or Eqs. (25.5)-(25.6) in |3T]), he seems never to have combined the corresponding 
4-tensors into the complex forms (I3.1I) - (I3.2I) . In the second article [H], Max Born, who used Minkowski’s notes, 
didn’t mention the complex fields. As a result, the complex field tensor had appeared, for the first time, in [32]; see 
also [55] . 
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with 


In matrix form, 


K"):= 


do afi 


9ap=0 


= - 9'’"^;. 


= m"'’Q + Q (m”®)’’, 


(4.5) 

(4.6) 


where Q = and is the transposed matrix. The latter equations fl4.4p . fl4.5l) . and fl4.6l) dehne 
the action of the inhnitesimal operators on the complex held tensor, 


in the form that is required in equation fl5.ll) below. 


(4.7) 


In a similar fashion, for the products of the generators, 

(4.8) 

+ {m'^% 

or, in matrix form, 

= ( rrf/^rn'^P ) Q - Qf ( 4 - 9 ) 

+ m“^g . 

As a result, 

[M°Y M'^^] := (4.10) 


which follows from (14.41) - (14.51) and can be verihed, once again, by using (14.Oh . 


Finally, introducing the inhnitesimal operators M = (M^^, M^^) and N = (M°^, M°^, M°^) 

for the rotations and boosts, respectively, one can get 

N^g =-M^Q = 2 g, (M ■ N) g =- 2 ig. (4.11) 

The Casimir operators of the proper Lorentz group are given by (M + iN)^ /4 = 0 and (M—iN)^ /4 = 
—2 in the space of complex anti-symmetric tensors under consideration. In view of = —s (s -|- 1) = 
—2, we may say that the spin of the photon is equal to one. (Here, we have chosen anti-hermitian 
operators; see also 0. IZIl. BHI, and [62] for more details on the Lorentz group representations.) 


5. The Pauli-Lubanski Vector and Maxwell’s Equations in Vacuum 

As follows from the representation theory of the Poincare group 0. iia and the geometry of the 
Minkowski space-time |39|, [15], for the case of massless particles, the Pauli-Lubahski vector should 
be collinear to the operator of the 4-linear momentum. For a classical electromagnetic held, this 
relation takes the form 

Y ^ uard ’^ = - id ^ Q^Y (5.1) 

and by 04.71) . we hnd that 


(5.2) 
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{a, /9 = 0,1, 2, 3 are fixed; no summation is assumed over these two indices). By a direct, but rather 
tedious evaluation, one can verify that the latter equation, which is written in terms of a third rank 
4-tensor, is equivalent to the ormnal system of Maxwell equations in vacuum, dyQ^'^ = 0. As a 
result, the helicity of the photoiu, or a harmonic circular classical electromagnetic wave, cannot be 
defined as an undetermined sign, or an extra dzl factor, in the right hand side of equation flS.ip as it 
is stated in standard textbooks on the quantum field theory 0 . sa. 021 . [50] . (This misconception 
has been one of our main motivations for writing this article.) 

In view of fl5.ip . for the rotations and boosts, M = (M^^, M^^) and N = (M°^, M°^), 

respectively, the following standard equations hold 


(V-M)Q = zaoQ, 9o = -|: 

c ot 

(6.3) 

9oMQ + (V X N) g = iVQ, 

(5.4) 


where Q = is the complex field tensor and the actions of operators M and N on this 

tensor are explicitly defined by (14.7p . 

Note. In vacuum, when G = F and p = 0, j = 0, two different covariant forms of Maxwell’s 
equations are given by 

= 0, = 0, (5.5) 

where d'^ = = g'^^d/dx^. The second equation follows from (15.21) . when one takes p = /3 and 

sums over /3 = 0 , 1 , 2 , 3 with the help of fl3.3p . As another useful consequence of our equation fl5.2p . 
one can directly show that the d’Alembert operator annihilates any component of the complex field 
tensor in vacuum, 

= 0, (5.6) 

thus de-coupling the system. It is worth noting that, in covariant form, our derivation does not 
require any formula of 3Zi)-vector calculus. (The general theory of relativistic-invariant equations is 
studied in 0 . EH; see also nn, m, |36], m, iM] and the references therein.) 


6. Examples 


In a matrix form, equation (15.31) can be rewritten as follows 


/ 0 

92^3 — ^2^3 

-9iG3 -f 93 G 1 
y diG2 - 92 G 1 


-92G3 -h 92G3 9 iG 3 - d^Gi 
0 t (9iF2 - 92 F 1 ) 

(9iF2 - d2Fi) 0 

-z{d,Fs-dsF,) -*( 92 ^ 3 - 93 ^ 2 ) 



/ 

0 

-G, 

-G 2 

-G 3 

i d 


Gi 

0 

iFs 

-iF2 

cdt 


G 2 

-iFs 

0 



\ 

Gs 

iF2 


0 


- 91 G 2 + 92 G 1 \ 
Z (9 iF 3 - 93F1) 
i ( 92 F 3 - dsF2) 


( 6 . 1 ) 


^Multiple meanings of the word “photon” are analized in |25) . 
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or 



- (curl G)g 

ier,nr (curlF)^ 



-a 


p 'if'pqrFr 


( 6 . 2 ) 


in a more compact block form. In vacuum, G = F and this matrix relation implies the single 
complex Maxwell equation, curlF = {i/c) dY/dt. 

In a similar fashion, for the hrst component of fl5.4l) . namely, OqMiQ + (92-^3 ~ 93iV2) Q = idiQ, 
we obtain. 
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0 




V 

G2 

1 

CO 

0 

0 ) 




/ 


0 

i ( 92^2 + 93F3) 

-* 92^1 

-tdsFi 


—i ( 92^2 + 93F3) 
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0 

92 Ga + 93 G3 
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idoF^ 

-92G1 

-92G2 - 93G3 

0 



( 0 —G\ 
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iFs 
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+idi 

G2 -iFo 
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1 G3 iF2 

-tF, 

0 J 




(6.3) 


\ 


Once again, in vacuum, G = F and this matrix relation is satished in view of the pair of complex 
Maxwell equations, curlF = {i/c) dF/dt and divF = 0. (A cyclic permutation of the spatial indices 
covers the two remaining components.) 


One can clearly see that there is no chance of changing the sign + into — in the right hand side 
without a violation of Maxwell’s equations. Indeed, let us pick just one of the matrix elements from 
both sides, say, 92^2 + = —diGi, which indicates also that the left and right hand sides are 

coming from the different pairs of Maxwell’s equations fl2.2l) - fl2.3p . 


7. Helicity 


In particle physics [7], [IH], [SS], the helicity is dehned as the projection of the angular momentum 
M on the direction of motion p : 

p ■ M Wo 

IpI IpI' 


A = 


(7.1) 


The helicity states are eigenstates of the operator; 


A|p,A) = ^^-^|p,A) = A|p,A). (7.2) 

IpI 

For massless particles one can dehne the spin as s = |A| and, if the parity is conserved, the particle 
may have only two independent helicity eigenstates |p, A = s) and |p, A = —s). 
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In the case of the classical electromagnetic held, equations fl5.3p and fl6.2p together show that the 
helicity operator is proportional to the “energy operator”: 


A 


i d 
c |k| dt 


(7.3) 


As a result, these two operators have common eigenstates, |k. A) = in the space of complex anti¬ 
symmetric 4-tensors of the second rank. (The simplest covariant helicity states will be constructed 
in the next section.) 


On the other hand, in SD-complex electrodynamics, one can take the complex vector held |k. A) = 
F = E -|- iH and choose the following real-valued spin matrices |60j : 


/000\ /00l\ /0-10\ 

Si = 0 0 -1 , S2 = 0 0 0, S3 = 1 0 0 , 

\010/ \-100/ \000/ 

such that [sp, Sg] = SpSg — SgSp = CpgrSr and sf -|- S 2 + = —2. Then 

(V ■ s) F := d, (siF) + 82 (S2F) -f ^3 (S3F) 

/OO 0 \ / F,\ / 0 01 \/Fi\ 

= ^1 0 0 -1 F2 + ^2 0 0 0 F2 

\ 0 1 0 J \ f, J \-l 0 0 J \ F, J 

/0-10WFi\ / ^2^3 - ^3^2 \ 

-^^3 I 1 0 0 I F 2 = I dsFi-diFs =curlF. 

\ 0 0 0 / \ F3 / \d,F 2 - 02^1 J 


(7.4) 


(7.5) 


Once again, our representation fl7.3p for the helicity operator holds in view of the Maxwell equation 
in vacuum, curlF = {i/c) dF/dt. 

Note. In view of fl7.3l) . the traditional dehnition of helicity fl7.2p is related to separation of variables 
in Maxwell’s equations. Letting = q (t) (r) , one gets 


0 


dx'^ 


1 

c dt dxp 


-q it) (r) + q {t) 
c 


dZf^P (r) 
dxp 


(7.6) 


or 


_^ ^/lO _ 

cq 


dzpp 

dx„ 


q = e 


—icut 


(7.7) 


where u must be a real-valued constant of the separation of variables in order to have bounded 
solutions. As a result. 


dZPP 

dxp 



(7.8) 


thus giving a covariant form of the corresponding eigenvalue problems in diherent curvilinear coor¬ 
dinates [56], [60] . 
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8. Covariant Harmonic Wave Solutions 
In vacuum, = 0, where 




0 -F, 

Fp iCpqfF'p 


, F = = E + zH. 


kx = = cut — k ■ r. 


Here, f =constant is a complex polarization vector to be determined and 

= (ct, r), kf, = (cj/c, -k), 

In a compact form, and A^'^ky = where 

=1 . I = constant. 

\ fp '^^pqrfr J 

This tensor is an eigenfunction of the 4-gradient, = k^Q^’^. 

As a result. 


( 8 . 1 ) 


( 8 . 2 ) 


(8.3) 


=4? 

1 

1 

1 
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^ iv/c \ 


/o\ 

fi 0 z/3 -z/2 


-ki 


0 

> 

1 

. 

0 

. 


-k2 


0 

\ /s if2 -ifi 0 y 


\ -^3 y 


^0/ 


(8.4) 


and det A = — (f ■ f)^ = 0 (Lorentz invariant by Minkowski [iQ]). The complex invariant, = 
(E -I- zH)^ = 0, results in E^ = and E ■ H = 0, as required [3T] . 

In 3Zl-form, the latter system of linear equations gives an eigenvalue problem: 


The eigenvalues are 



zk X f = 

—oj/c 

-iks 

ik2 

ika 

—U)/c 

—iki 

-ik2 

iki 

—u/c 


OJ . 


= ^(kl + kl + kl-^]=o. 


(8.5) 


( 8 . 6 ) 


The case a; = 0, when f = k, does not satisfy the second condition = 0 unless k = 0. 
Therefore, there are only two eigenvectors {f, f*}, corresponding tooo/c = ±k = 

^ _kx {I xk)+ik{kx 1) ^ 

I — , I — tlk-s.-k> 


k^/2\kxl\ 

respectively [12]. Here, I is an arbitrary real vector that is not collinear to k (k T^constant Z) 
and f ■ f* = 1. (A similar eigenvalue problem occurs in the mean magnetic held generation, called 
aH-dynamo, in cosmic astrophysics [T8].) 

Example. Let be an orthonormal basis in . One can choose Z = ei and k = ke^. Then 


f = 


ei ze2 


V2 ’ 


_ 


ei - ze2 


V2 


(8.8) 


(see [12], [3T], and [56] for more details). 
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9. Discrete Transformations and Polarization 


The complex Maxwell equations in vacuum, 

i 9F 

= curlF, divF = 0, (9.1) 

c ot 

are invariant under the following discrete transformations: spatial inversion P: F (r, t) —?■ F* (— r, t) ; 
time reversal T: F (r, t) —)■ F* (r, —t) ; and space-time inversion PT: F (r, t) ^ F (— r, —t) . They, 
together with the identity transformation, correspond to the four connected components of the 
Poincare group. (These transformations form the so-called Klein group {Identity, P, T, PT} .) 

The action of this group generates the following four circularly polarized waves {u = +ck): 

Fi = Fa = = TFi (9.2) 

and 

Fs = = (PT) Fi, (9.3) 

F4 = = TF3 = PFi. 

They represent right- and left-handed circularly polarized waves moving along the vector k in 
opposite directions. One can easily verify that the solutions {Fi,F 2 } correspond to A = -|-1 and 
(Fg, F 4 } have A = -1. Also, Fi ■ Fg = = 0 and Fa • F 4 = (f^)* = 0. 


Example. The standard circular, elliptic, and linear polarizations of the classical electromagnetic 
waves occur as a result of superposition of the complex solutions under consideration. With the 
help of the polarization vectors fIS.Sp . one gets 


Fi Fg Fi — Fg 

F = Cl ^ + C 2 \ = E + 


2 2 
= CiOi cos (k ■ r — ut) — CaOa sin (k ■ r — ut) 


(9.4) 


+ i 


IT 


Caei cos ( k ■ r — cut-) — CgOa sin ( k ■ r — cut- 


TT 


where ci = c{ and ca = c^. For the elliptic polarization, we choose |ci| > jca] or |ci| < |ca| ; the 
linear polarization arises, for instance, if ci 7 ^ 0 and ca = 0 (see [31] and |56], problems 2.128-2.134, 
for more details). 


In conclusion, it is worth noting that, here, we have only discussed the classical electromagnetic 
held in vacuum. Different aspects of the “photon paradigm” are emphasized in [2S|- The photon 
wave functions are dealt with in n, 0,0,0, im, ng. For quantization in the complex form, 
see 0 . im. HB. iia and the references therein. (General quantization procedures are discussed, 
for example, in |TI], [13], [21], ]26], [28], [H], ]11], ]19], ]50], ]52], [56].) Coherent states of light and 
dynamical invariants are reviewed in [H], [15], ]T 6 ], [H], [52]. The squeezed states of the photons and 
atoms in a cavity and their relations with so-called “missing” solutions for the harmonic oscillator 
are analyzed in [29], [H], [35]. Professor Toptygin kindly pointed out an intrinsic importance of the 
helicity concept on an enormous scale, from the sub-atomic world (parity violation in beta decay 
) to cosmic astrophysics (possible amplihcation of galactic magnetic helds by the turbulent 
dynamo mechanism [H], [IS], [SS]). Last but not least, organic compounds appear often in the 
form of only one of two stereoisomers. As a result, in optically active biological substances, these 
molecules rotate polarized light to the left [23], thus creating another old unexplained puzzle. 
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